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Abstract  
The aim of this paper is to study the effects of material gradation on thermo-mechanical stresses in functionally graded 
beams. The composition of the beam varies gradually from ceramic to metal along both the thickness and width directions. 
Continuous gradations according to both the power law and exponential law variations are considered. In the presence of a 
thermal gradient and transverse distributed loads an analytical solution based on the Euler-Bernoulli beam theory is 
presented. Numerical sample where material gradations vary along both the thickness and width directions is carried out. 
It is found that the gradation of materials affects the neutral axis position. 
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1. Introduction  
Functionally graded materials (FGM) involve individual material composition that continuously varies 
along a defined direction in a guided and regulative way. In literatures, FGM is regarded as one the best 
category of material that is widely used in most of engineering application. Some of the properties that make 
FGM an outstanding category of materials include the toughness, electrical conductivity and machine-ability 
of metals and the low density, high strength, high stiffness, and temperature resistance of ceramics. 
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Functionally graded materials, in materials science , are characterized by the variation in composition over the 
volume gradually. These materials are designed according to a certain function and specific applications. 
Different methods based on perform processing; melt processing (plasma spray) and layer processing (powder 
metallurgy) are employed to produce the functionally graded materials [1-4].  
This new advanced material was introduced by koizumi in 1984, in the form of a film which proposed as a 
thermal barrier. The usage of functionally graded materials has been rising in different engineering fields; also, 
these inhomogeneous materials have received great scientific attention. Since 1984, several researches have 
been done as regarding to FGM and many research articles have been published. However, in the following, 
only studies connected to functionally graded beams are referenced. In 2001, a FG beam subjected to 
transverse loads was investigated by Sankar [5]. He kept the Poisson ratio constant and assumed that the 
Young’s modulus varies along the thickness of beam exponentially. An exact elasticity solution was obtained 
and also simple Euler–Bernoulli beam theory was developed. Chakrabortya et al. [6] based on the theory of 
first-order shear deformation developed a new finite element method to investigate the thermal and 
mechanical behavior of FG beams. Both power-law and exponential variations of mechanical and thermal 
properties were used to study different stress distributions. Davoodinik and Rahimi [7] developed numerical 
and analytical approaches for large deflection of FG beam subjected to inclined loading. The cantilever beam 
was flexible and its geometric was nonlinear. In 2002, a FG beam subjected to thermal loads was investigated 
by Bhavani and Sankar [8]. They kept the Poisson ratio constant and assumed that the thermo-elastic 
constants vary along the thickness of beam exponentially. In 2005 numerical solutions based on the Meshless 
Local Petrov-Galerkin Method for 2D FG elastic solids subjected to thermal loads was obtained by H.K. 
Ching, S.C. Yen [9]. Two kinds of material gradation based on the power law or exponential material 
variation and the micromechanics model were considered. Ching and Yen [10] obtained the transient thermo-
elastic deformations for 2D FG beams subjected to non-uniform heat supply. In 2006, Nirmala and Upadhyay 
[11] drove an analytically thermo-elastic solution for composite beams. The beam had three layers and the 
middle one was a functionally graded material. Material properties were assumed vary according to the power 
law function along the thickness of beam. An analytical method to investigate a FG anisotropic cantilever 
beam under distributed and thermal load was presented by Huang et al. The material properties varied 
arbitrary through the thickness and the heat problem has been assumed as 1D problem. In 2008, Rahimi and 
Davoodinik [12] investigated the thermal behavior of FG beam. A thermal loading in case of steady state was 
considered. Material properties and heat conduction varied exponentially along the direction of thickness of 
the functionally graded beam. A cantilever FG beam by utilizing Ritz approach was investigated by M. 
Simsek [13]. Static solution of the FG beam with simply-supported boundary condition under a uniformly 
distributed loading by utilizing the higher order shear deformation and Timoshenko theories has been studied. 
The influence of material variation on the stresses and displacements of the FG beam was studied. He 
assumed that the Young’s modulus varies according to the power law function along the thickness of beam. 
Although several researches to obtain the thermo-mechanical stresses in functionally graded beams have been 
carried out, the previous studies only focused on the material gradation along the thickness direction. Hence, 
in the present study, material gradations along both the thickness and width directions are investigated. 
2. Problem formulation and solution 
Figure 1, shows The FG beam with the length (l), width (w), and height (h). The composition of the beam 
varies gradually from ceramic to metal along both the thickness and width directions. Since the power law and 
exponential law are the two most common models, in this paper both material variations have been 
investigated. The power law modeling which is introduced by Wakashima et al. is given by: 
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(1) 
The exponential law, which is being used more, is given by:  
 
 
(2) 
 
The Euler–Bernoulli beam theory is followed assumption that the beam is in a state of plane strain and 
material properties are independent of temperature. Poisson’s ratio is also kept constant. Then the stresses are 
obtained as follow [1]:  
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Fig. 1. Geometry of the FG beam with two kinds of material gradation. 
3. Results and Discussion  
To investigate the effects of material gradation on thermo-mechanical stresses in the FG beam, numerical 
computations using the presented solution have been carried out. Steel (E =210 GPa, G =80 GPa, =14.0h10
˰6̾C˰1) and alumina (E = 390 GPa, G = 137 GPa,  = 6.9 h 10˰6̾C˰1) are considered as the top region and 
bottom region of the FG beam respectively. The cantilever beam has l = 0.5 m, w = 0.1 m, h = 0.05 m, and in 
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the presence of thermal gradient (ǻT = 50 o C) the beam is subjected to a uniform distributed loading (q=100 
kN/m).   
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Fig. 2. (a) depth-wise thermo-mechanical stresses distribution for the cantilever beam; (b) axial stresses distribution across the thickness 
for n = 2; Shear stresses distribution across the thickness for n = 2; (c) axial stresses distribution across the width for n = 3 
Fig. 2 (a) shows the depth-wise axial thermo-mechanical stresses distribution for the cantilever beam for 
both the exponential law and power law (n = 2) gradation. As seen material gradation affected the neutral axis 
position moved from the centre of the beam in the case of metal rich to nearby -0.0026 in the case of FGM. 
Fig. 2(b) shows the effects of material gradations on the shear stresses distribution. Fig. 2 (c) indicates the 
depth wise axial thermo-mechanical stresses distribution for the beam with power law (n = 3) gradation across 
the width direction. Obviously, the position of the neutral axis remained at the center of the beam. 
4. Conclusions  
In this study effect of material gradation on thermo-mechanical stresses in functionally graded beams, 
considering both the power law and exponential law variations, In the presence of a thermal gradient and 
transverse distributed loads was investigated. From findings and results the following can be concluded: 
 
Material gradation has considerable effect on the neutral axis position. 
Profiles of depth-wise thermo-mechanical stress distributions in FG beams across both thickness and width 
direction are smooth and nonlinear. 
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